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P r e f a c e  
I n t e r e s t  i n  human s e t t l e m e n t  sys tems and p o l i c i e s  h a s  been 
a  c r i t i c a l  p a r t  o f  u r b an - r e l a t ed  work a t  IIASA s i n c e  i t s  incep-  
t i o n .  Recen t ly  t h i s  i n t e r e s t  h a s  g iven  rise t o  a  c o n c e n t r a t e d  
r e s e a r c h  e f f o r t  f o c u s i n g  on m i g r a t i o n  dynamics and s e t t l e m e n t  
p a t t e r n s .  Four sub- tasks  form t h e  c o r e  o f  t h i s  r e s e a r c h  e f f o r t :  
I.  t h e  s t u d y  o f  s p a t i a l  p o p u l a t i o n  dynamics; 
11. t h e  d e f i n i t i o n  and e l a b o r a t i o n  o f  a  new r e s e a r c h  
a r e a  c a l l e d  demometrics and i t s  a p p l i c a t i o n  t o  
m i g r a t i o n  a n a l y s i s  and s p a t i a l  p o p u l a t i o n  fo r e -  
c a s t i n g ;  
111. t h e  a n a l y s i s  and d e s ign  o f  m i g r a t i o n  and set t le-  
ment p o l i c y ;  
I V .  a  compara t ive  s t u d y  o f  n a t i o n a l  m i g r a t i o n  and 
s e t t l e m e n t  p a t t e r n s  and p o l i c i e s .  
T h i s  p a p e r ,  t h e  e i g h t h  i n  t h e  comparat ive  s t u d y  series, 
a d d r e s s e s  t h e  problem o f  e s t i m a t i n g ,  from agg rega t e  d a t a ,  
d e t a i l e d  m i g r a t i o n  f lows f o r  p o p u l a t i o n  c a t e g o r i e s ,  such  a s  age  
and n a t i o n a l i t y .  The e s t i m a t i o n  p rocedure  proposed i s  t h e  e n t r o p y  
maximizat ion method. T h i s  method h a s  been shown t o  be  u s e f u l  f o r  
a  number of  c o u n t r i e s  of t h e  Comparative S tudy ,  where d i s a g g r e g a t e  
m i g r a t i o n  d a t a  a r e  n o t  a v a i l a b l e .  
R e l a t e d  p a p e r s  i n  t h e  compara t ive  s t u d y  series,  and o t h e r  
p u b l i c a t i o n s  o f  t h e  m i g r a t i o n  and s e t t l e m e n t  s t u d y  a r e  l i s t e d  a t  
t h e  end o f  t h i s  r e p o r t .  
Andrei  Rogers 
Area Chairman 
Human S e t t l e m e n t s  
and S e r v i c e s  Area 
November 1 9 7 7 .  
iii. 

Abstract 
The entropy maximization method is used to estimate inter- 
regional migration flow matrices for subgroups of the population. 
The method is presented in lucid terms and a number of practical 
applications are given, such as the estimation of age-specific 
migration flows. 
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The Recovery of De ta i l ed  Migrat ion 
P a t t e r n s  from Aggregate Data: 
An Entropy Maximizing Approach 
Regional  a n a l y s i s  i s  handicapped by t h e  l a c k  of s t a t i s t i c a l  
d a t a .  S o p h i s t i c a t e d  models of r e g i o n a l  growth have been devel-  
oped, b u t  t h e i r  a p p l i c a t i o n  is  l i m i t e d  s i n c e  most c o u n t r i e s  a r e  
unable  t o  p rov ide  t h e  r equ i r ed  i n p u t  d a t a  s e t .  One way t o  cope 
w i t h  t h e  problem i s  t o  e s t i m a t e  o r  t o  g e n e r a t e  t h e  l a c k i n g  d a t a .  
Seve ra l  e s t i m a t i o n  methods a r e  known i n  t h e  l i t e r a t u r e .  One 
which r e c e n t l y  has  rece ived  cons ide rab le  a t t e n t i o n  i n  urban and 
r e g i o n a l  a n a l y s i s  i s  entropy maximization. 
I t  i s  t h e  purpose of t h i s  paper t o  p r e s e n t  t h e  method i n  
l u c i d  terms,  t o  a l low t h e  p r a c t i t i o n e r  t o  apply t h e  method i n  
h i s  own s i t u a t i o n  wh i l e  r e a l i z i n g  t h e  b a s i c  assumptions cn  which 
t h e  en t ropy  method i s  based.  I n  t h e  f i r s t  s e c t i o n ,  w e  s t a t e  t h e  
problem f o r  which en t ropy  maximization i s  r e l e v a n t .  The method 
i s  desc r ibed  i n  t h e  nex t  s e c t i o n .  A t h i r d  s e c t i o n  d i s c u s s e s  
t h e  v a l i d i t y  of t h e  method t o  recover  d e t a i l e d  mig ra t ion  p a t t e r n s  
from aggrega te  d a t a .  A f o u r t h  s e c t i o n  a p p l i e s  t h e  method t o  
two p r a c t i c a l  problems of migra t ion  r e s e a r c h  i n  Belqium: t h e  
e s t i m a t i o n  o f  i n t e r n a l  mig ra t ion  flows by age,  and by n a t i o n a l i t y .  
1. Entro~v Maximization 
1.1 The Problem 
Suppose we have a two-region system. The problem is to 
find the origins and the destinations of the migrants that moved 
in a certain time period. Suppose that the only information we 
have is the departures and the arrivals by region. We assume 
a closed system, i.e., the total number of arrivals equals the 
total number of departures. 
The multiregional system may be represented by the follow- 
ing origin-destination table M. - (Figure 1). 
Figure 1 
The Origin-Destination Table M -
I 
Origin I Arrivals 
I 
1 
I 
Region 1 Region 2 I 
I 
0 
-4 
u Region 1 
m 
C 
-4 
u 
tn Region 2 
a, 
a 
Departures 
I 
I 
ml 1 m2 1 I 
I m m l  = 3 
I 
I 
I 
m 
m2 2 
I 
12 I mm2 = 3 
I 
I 
---------"'-----------------------------T------------------ 
I 
I 
ml. = 4 m2. = 2 I me. = 6 
I 
I 
where 
m i s  t h e  number o f  m ig ran t s  go ing  from r e g i o n  i i j  
t o  r e g i o n  j ,  e . g . ,  m 1 2  i s  t h e  number o f  peop l e  
mig ra t i ng  from r e g i o n  1  t o  2 i n  t h e  u n i t  t ime  
i n t e r v a l  ; 
m *  1  i s  t h e  t o t a l  number o f  a r r i v a l s  i n  r e g i o n  1  
m = m l l  + m 2 1  = l m i l  ; 1  i 
m i s  t h e  t o t a l  number o f  a r r i v a l s  i n  r eg ion  2  
- 2  
m 2 = m 1 2 + m  2 2  = E m i 2  ; 
m l .  i s  t h e  t o t a l  number o f  d e p a r t u r e s  from r e g i o n  1  
m2.  i s  t h e  t o t a l  number o f  d e p a r t u r e s  from reg5on 2  
2 
m.. i s  t h e  t o t a l  number of  m ig ran t s  
The row t o t a l s  and column t o t a l s ,  i . e . ,  t h e  t o t a l  number of  
a r r i v a l s  and d e p a r t u r e s ,  are known. The problem i s  t o  f i n d  t h e  
e n t r i e s  m l l f  m 1 2 ,  m2,  and m 2 2 f  such t h a t  t h e y  add up t o  t h e  known 
t o t a l s .  The c o n s t r a i n t s  imposed on t h e  e s t i m a t i o n  p rocedure  a r e  
t h e r e f o r e :  
1 mij  = m f o r  i = 1 ,2  i. j 
f o r  j = 1 ,2  
There may be  a l a r g e  number of combinations of  e n t r i e s  of  
M t h a t  s a t i s f y .  t h e  c o n s t r a i n t s  (1 )  and ( 2 ) .  I n  t h e  s imple  
.I 
i l l u s t r a t i o n  o f  F i g u r e  1 ,  t h e r e  a r e  t h r e e  p o s s i b l e  arrangements.  
Each arrangement o f  t h e  e n t r i e s  of  M i s  c a l l e d  a m a c r o s t a t e  
- 
of  t h e  system. 
1.2 The I d e a  
The t r u e  m i g r a t i o n  f low i s  r e p r e s e n t e d  by one o f  t h e  t h r e e  
m a c r o s t a t e s  Ma, !b o r  Mc. Given t h e  l i m i t e d  i n fo rma t ion  w e  have 
- - 
about  t h e  m i g r a t i o n  behavior ,  w e  d o n ' t  know which mac ros t a t e  
i s  t h e  t r u e  one. The re fo re ,  w e  must make a gues s .  It  i s  h e r e  
t h a t  t h e  en t ropy  method comes i n .  It selects t h e  mac ros t a t e  
which has  t h e  h i g h e s t  p r o b a b i l i t y  o f  occu r r ing .  A ~ e r t a i n ~ m a c r o -  
s t a t e  may be  g e n e r a t e d  by v a r i o u s  so -ca l l ed  m i c r o s t a t e s .  A 
m i c r o s t a t e  i s  an  ass ignment  o f  i n d i v i d u a l  mig ran t s  t o  t h e  
o r i g i n - d e s t i n a t i o n  t a b l e .  Cons ider ,  f o r  example, t h e  ma t r ix  
!a and deno te  t h e  i n d i v i d u a l  migran ts  by ml, m2, m3, m 4 ,  m5 
and m6. According t o  Ma,  - t h r e e  people  mig ra t e  from r e g i o n  1 
t o  1 ,  i .e . ,  move w i t h i n  t h e  r e g i o n .  Out of  t h e  s i x  mig ran t s ,  
w e  can  select t h e  t h r e e  i n  2 0  d i f f e r e n t  ways, a s  shown i n  
F igu re  2. 
F i g u r e  2 
Combinat ions o f  t h r e e  o u t  o f  s i x  
The possible combinations of three people out of six can easily 
be computed by the familiar combinatorial formula of statistics: 
where ! denotes the factorial operation, e.g., 
Once we have made a selection of three people to constitute 
mll, we must select one person out of the remaining three to 
constitute m12. There are only three possible ways of selecting 
one person out of three, or 
Finally, the two remaining individuals constitute m22, since 
m2, = 0. Therefore, the total number of ways of selecting three 
out of six, and one out of the remaining three, and two out of 
the remaining two is 
Each of the 60 ways constitutes a separate microstate, or 
assignment of individuals. In general, the number of ways in 
which we can select a particular macrostate from the total 
number of migrants ma. is the combinatorial formula: 
Applying (4), we get W = 60 for Ma, W = 180 for Mb and W = 60 
% w 
for Mc. The value N is the number of microstates which give 
% 
rise to a particular macrostate, and is called the entropy of 
the macrostate. 
The ques.tion of which macrostate to choose as the best 
estimate of the true migration flow, may now be answered. We 
choose the macrostate with the highest entropy-value. The use 
of this selection criterion relies on two critical assumptions: 
- The probability that a macrostate represents the true 
migration flow matrix, is proportional to the number 
of microstates of the system which give rise to this 
macrostate (entropy), and which satisfy the constraints 
(1) and (2). 
- Each microstate is equally probable. 
1.3 The Formal Solution 
The first assumption, read in a slightly different way, 
becomes: the true arrangement of a system is one which 
maximizes the entropy. This is the second law of thermodynamics. 
This analogy between the behavior of social and physical systems 
is not accidental. Several authors have attempted to describe 
social phenomena by laws from physics (e.g., Isard, 1960). This 
approach is identified as social physics, which is well known 
in the early regional science literature. It is, however, 
unfair to evaluate the application of entropy methods in social 
sciences only by the physical meaning of the entropy concept. 
The use of the entropy concept in social sciences may also 
be justified by means of information theory (Jaynes, 1957), by 
means of Bayes' theorem for conditional probabilities (~yman, 
1969), or by means of the maximum likelihood estimators (Evans, 
1971). See also Wilson (1970, pp. 1-1 0). 
The estimation problem of finding the most probable migra- 
tion flow matrix which satisfies the constraints (1) and (2), 
may now be formulated as follows: find the macrostate with 
maximum entropy, W, subject to constraints (1) and (2). The 
solution is given by the solution to the mathematical program- 
ming problem: 
I 
. , me., .
max W = 
n mij! 
ilj 
s u b j e c t  t o  1 mij  = mi. , f o r  a l l  i 
j 
- 1. m i j  - m e ,  t f o r a l l  j . 
i 
S i n c e  t h e  maximum o f  (5 )  c o i n c i d e s  w i t h  t h e  maximum o f  any 
monotonic f u n c t i o n  of  W, w e  may r e p l a c e  W by t h e  Naper ian  
l o g a r i t h m  o f  W (Rn W )  i n  t h e  o b j e c t i v e  f u n c t i o n .  
F u n c t i o n  ( 7 )  i s  v e r y  complex. To make d i f f e r e n t i a t i o n  of  ( 7 )  
e a s i e r ,  w e  r e p l a c e  Rn mij!  by S t i r l i n g ' s  approximat ion:  
S i n c e  Rn m , . !  is  a  c o n s t a n t ,  w e  may w r i t e  t h e  o b j e c t i v e  f u n c t i o n  
a s  
A 
max fin w = - r $ [mij 2n m i j  - m  i j ] . 
1 7  
I n  most a p p l i c a t i o n s  o f  e n t r o p y  methods,  t h e  c o n s t r a i n t s  
( 1 )  and ( 2 )  a r e  augmented w i t h  a  budge t  c o n s t r a i n t :  
where cij  i s  t h e  c o s t  of  moving from i t o  j ,  and C i s  t h e  t o t a l  
budge t  a v a i l a b l e  t o  a l l  m i g r a n t s .  W e  i n t r o d u c e  t h i s  c o s t  func-  
t i o n  f o r  c o m p l e t e n e s s ,  a l t h o u g h  i n  t h e  a p p l i c a t i o n s  cij  i s  set  
e q u a l  to  z e r o  f o r  a l l  i and j .  
Formal ly ,  t h e  e n t r o p y  problem is: 
h 
max W = - 2 n m i j  - 
mi j] 
s u b j e c t  t o  1 m i j  = mi. , for  a l l  i 
j 
l m i j  = m a j  , f o r  a l l  j 
i 
The s o l u t i o n  t o  t h i s  problem i s  found by t h e  method o f  t h e  
Lagrange m u l t i p l i e r s .  The L a ~ r a n g e a n  is  
The n e c e s s a r y  c o n d i t i o n s  f o r  a m a x i m u m  are 
From ( 1 0) we have 
R n m ,  = -  - 
lj x i  llj - vcij 
Writing 
-llj 
B = e  /me, j 
gives 
The coefficients Ai and B are called balancing factors. They j 
act as repulsion and attraction forces for generating the 
migration flows. Substituting (1 7) in (1 2) yields 
Substituting (17) in (13) gives 
The entropy maximization is then given by the solution of the 
system of nonlinear equations (17), (18) and (19). Since we have 
no information on the cost of migrating and on the total budget 
available, we may assume that Cij = 0 for all i and j. The 
system of equations becomes then: 
mij = Ai B. 3 mi. moj , for all i and j 
This system has a very simple solution; namely (Raquillet and 
Willekens, 1977), 
- 13 - 
Appl i ca t ion  of t h i s  formula t o  t h e  d a t a  i n  F igure  1 y i e l d s :  
which i s  Mb, t h e  arrangement w i th  t h e  h i g h e s t  entropy.  
- 
The f i r s t  o r d e r  c o n d i t i o n s  (10) t o  (13) on ly  l e a d  t o  a 
l o c a l  extremum of t h e  o b j e c t i v e  func t ion  ( 9 ) .  However, t h i s  
l o c a l  extremum co inc ides  w i th  t h e  g loba l  extremum s i n c e  Rn W 
i s  a  s t r i c t l y  concave func t ion .  
The entropy s o l u t i o n  r e p r e s e n t s  t h e  m o s t  probable  o r  most 
l i k e l y  f low between each r eg ion  of o r i g i n  i and each reg ion  of 
d e s t i n a t i o n  j .  Thi s  d i s t r i b u t i o n  func t ion  c o i n c i d e s  w i th  t h e  
p r o d u c t i o n - a t t r a c t i o n  cons t r a ined  g r a v i t y  model (Wilson, 1970, 
p .42 ) .  Therefore ,  entropy maximization has  been used t o  provide 
a  t h e o r e t i c a l  underpinning of t h e  g r a v i t y  model (Nijkamp, 1975, 
p.210; Wilson, 1970, pp. 47-49). Nijkamp and Pae l inck  (1974) 
have a t tempted t o  provide a  behav io ra l  i n t e r p r e t a t i o n  of t h e  
en t ropy  and g r a v i t y  model by formula t ing  t h e  en t ropy  model a s  a  
d u a l  geometric programming model. By doing so, t h e  o b j e c t i v e  
f u n c t i o n ,  i n h e r e n t  i n  t h e  en t ropy  maximizing model, a t t empt s  t o  
maximize t h e  imputed n e t  " p r o f i t s 1 1  of a  s p a t i a l  system i n  terms 
of t h e  d i f f e r e n c e  between p o s i t i v e  and nega t ive  i n t e r a c t i o n  s t i m u l i  
(Nijkanp, 1975, p. 213) .  We w i l l  n o t  e l a b o r a t e  on t h i s  theory .  
The i n t e r e s t e d  r eade r  i s  r e f e r r e d  t o  t h e  l i t e r a t u r e .  
2. Disaggregat ion o f  Migrat ion Flows 
2 .1  The Problem 
Suppose t h a t  we know t h e  migra t ion  f low ma t r ix  of  t h e  t o t a l  
popu la t ion ,  and t h a t  w e  a r e  i n t e r e s t e d  i n  t h e  migrat ion p a t t e r n s  
of  s u b s e t s  of  t h e  popu la t ion ,  e .g . ,  s e x e s ,  age grouDs, n a t i o n a l i -  
t i e s ,  p r o f e s s i o n a l  c a t e g o r i e s ,  e t c .  Suppose t h a t  we a l s o  know 
t h e  number of  a r r i v a l s  and d e p a r t u r e s  of  each s u b s e t  i n  each 
region.  The system may be r ep re sen ted  i n  a three-dimensional  
space  (F igure  3 ) .  W e  know t h e  o u t s i d e  of  t h e  b lack  box, b u t  no t  
i t s  c o n t e n t s .  The t o t a l  migra t ion  from i t o  j  i s  m i j ( ' ) ,  t h e  
number of  d e p a r t u r e s  from i by ca t ego ry  x  i s  m (x )  and t h e  number i. 
of  a r r i v a l s  i n  j i s  m ( x ) .  j 
2.2 S o l u t i o n  by t h e  Entropy Method 
The problem i s  t o  e s t i m a t e  mij(x) g iven t h e  t o t a l  f low ma t r ix  
and t h e  d e p a r t u r e s  and a r r i v a l s  of each ca tegory .  ~ s s u m i n g  ze ro  
c o s t  c o e f f i c i e n t s ,  t h e  en t ropy  maximizing model i s  
s u b j e c t  t o  1 mi (x) - 
i 
m. ( X I  
Appl ica t ion  of  t h e  Lagrangean m u l t i p l i e r  t echnique  l e a d s  t o  t h e  
fo l lowing  r e s u l t :  
Figure 3 
The Origin-Destination Black Box 
where Ai (x) ,  B . ( x )  and T i j  a r e  parameters  o r  ba lanc ing  f a c t o r s  3 
r e l a t e d  t o  t h e  Lagrange m u l t i p l i e r s .  To f i n d  express ions  f o r  
t h e  parameters ,  we s u b s t i t u t e  (27) i n  t h e  c o n s t r a i n t s  ( 2 4 )  t o  
(24) 1 A .  (x)  B . (x)  mi. (x)  m. (x)  Ti = m. (x )  1 3 i 
13.  (x)  m. (x)  1 Ai ( X I  mi. (x)  T~~ = m. (x)  
i 
(25) 1 A . ( x )  1 B . ( x )  mi.(x) mmj(x)  T~~ = m (x) 3 i j 
The system of non l inea r  equa t ions  (28) t o  (30) does  n o t  have a  
simple s o l u t i o n  a s  i n  t h e  two-d imens iona lcase .  I t  must be solved 
by i t e r a t i o n .  The s t e p s  involved a r e :  
STEP 1 :  Give Ai(x) and B . ( x )  an a r b i t r a r y  s t a r t i n g  va lue ,  
3 
say  A/') ( X I  = B!') (x)  = 0.1 
3 
STEP 2: 
STEP 3: 
STEP 4: 
STEP 5: Go to Step 2. 
The stopping criterion of the algorithm may be a combination of 
the following inequalities. 
The need for iteration in solving the problem described by 
the expressions (23) to (26) suggests that it is not a generaliza- 
tion of the two-dimensional problem given by (9) , (1 ) and (2) . 
Instead, the extension of the latter problem to three dimensions 
would be: ( 1 ) 
max - 1 [mij (x) en mij (x) - mij (x)1 
1 1 x  
subject to 1 1 mij (x) = m .j. ( . )  
1 X 
It can be shown that the entropy solution to this problem is: 
The problems (23) - (26) and (34) - (37) differ in the constraints, 
i.e. in the known data. The first problem assumes that all sides 
of the box Figure 3 are known [matrices mi (x) , me (x) and m (x) 1 . 
- j 
In the latter only the axes OA, OB and OC are given [vectors mi ( . I ,  
m . ) and m (x) I . If no other information on migration would be j . . 
available than the total number of arrivals and departures by region, 
and the composition of migrant categories for all migrants, then (38) 
would give the most probable origin-destination flows by category. 
'1 am grateful to Andras Por for pointing out this extension 
and its solution. 
2.3 Validity of the Estimation Procedure 
To assess the validity of the entropy maximizing method, 
we disaggregate the 1970 migration flow matrix of the total 
population of ~elgium into male and female migration flows, 
and compare the estimates with the true values published by the 
National Institute for Statistics. We consider five regions: 
Brussels, Flemish Brabant, Walloons Brabant, rest of Flanders, 
and rest of Wallonia. 
The input data are given in Table 1. 
Table 1 
Internal Migration in Belgium, 1970 
a. Migration flow matrix of total population. 
from 
to 
Brussels 
F1. Brabant 
W. Brabant 
R. Flanders 
R. Wallonia 
Total 
Brussels F1. Brab. . W. Brab.. R. Flanders R. F7allonia 
67,600 8,376 3,091 5,709 10,230 
13,753 23,459 927 7,986 1,765 
5,551 1,469 6,673 448 3,463 
5,407 6,870 342 180,346 4,488 
8,383 1,675 3,047 4,136 163,733 
100,694 41,849 14,080 198,625 183,679 
Total 
95,006 
47,890 
17,604 
197,r)53 
180,974 
538,927 
b. Regional  d i s t r i b u t i o n  of  d e p a r t u r e s  and a r r i v a l s  by sex .  
Depar tu res  A r r i v a l s  
Region I male female  male female  
B r u s s e l s  I 47,395 4 7 / 6 1  1 50,548 50,146 
F1. Brabant  I 2 3 1 9 6 8  23,922 20,902 20,947 
W. Brabant  1 8,795 8 ,809 7,022 7,058 
R.  F l a n d e r s  1 98,602 98,851 98,753 99,872 
I 
T o t a l  1 268,890 270 ,037  268,890 270,037 
R. Wallonia 
Applying t h e  a l g o r i t h m  d e s c r i b e d  by S t e p  1 t o  S t e p  5, w e  
o b t a i n  t h e  f o l l o w i n g  v a l u e s  f o r  t h e  ba l anc ing  f a c t o r s :  
90,130 90,844 91,665 92,014 
Entering the balancing factors in equation (27), yields 
the solution to the entropy maximization problem. The estimates 
of the migration flows by sex are given in Table 2. The numbers 
in parentheses are the observed values of the migrations. 
Table 2 
Internal Migration by Sex in Belgium, 1970 
a. Males 
£ran I Brussels F1. l3rab. W. Brah. R. Flanders R. Wallonia 1 Total 
R. Flanders 2780 1 (27761 
Brussels 
F1. Brabant 
R. Wallonia I 4182 
(41 29) 
33836 
(33970) 
6965 
(6936) 
Total 50548 
b. Females 
The first observation is that the method tends to under- 
estimate high values of mij (x), and to overestimate low values. 
A similar observation has been made by Chilton and Poet (1973 ,  
p. 1 4 0 )  and Nijkamp (1975,  p. 2 2 1 ) .  This feature may in part be 
related to the use of Stirling's approximation. Recall that we 
have set 
Therefore, the derivative is 
Total 
4761 1 
23922 
8809 
98851 
90844 
270037 
fran 
to 
Brussels 
F1. Brabant 
W. Brabant 
R. Flanders 
R. Wallonia 
Tbtal 
Brussels F1 . Brab. W. Brab. R. Flanders R. Wallonia 
33764 4239 1552 2942 5116 
(33621 ) (431 7) (1602) (2876) (51 95) 
6 7 8 8 1 1733 460 4069 8 72 
(681 7) (1 1661 ) (476) (41 15) (853) 
2766 742 3343 230 1727 
(2823) (740) (3309) (235) (1 702) 
2627 3383 167 90492 21 82 
(2631 ) (3408) (170) (90600) (2042) 
4201 850 1535 21 38 82119 
(4254) (821 j (1501 ) (2046) (82222) 
501 46 20947 7058 99872 92014 
Chi l ton  and Poet  (1973, p. 137) show t h a t  t h e  maximum e r r o r ,  
a s s o c i a t e d  wi th  (39,) i s  
which i s  smal l  p rov id ing  m i j  i s  l a r g e .  However, t h e  e r r o r  
becomes g r e a t e r  a s  m i j  becomes smal l .  I f  we g e t  e r r o r s  a s s o c i a t e d  
wi th  smal l  v a l u e s ,  t hen ,  because o f  t h e  c o n s t r a i n t s  imposed by 
t h e  t o t a l s ,  w e  w i l l  g e t  equa l  and compensating e r r o r s  i n  h igh  
va lues .  
Another more s e r i o u s  cause  o f  t h e  d e v i a t i o n  between t h e  
es t imated  and t h e  observed va lues  i s  t h e  f a c t  t h a t  people  do n o t  
behave according t o  t h e  entropy maximizing p r i n c i p l e .  Random 
elements cause t h e  behavior  t o  d e v i a t e  from t h e  most l i k e l y  one. 
However, g iven t h e  l i m i t e d  informat ion we have, it i s  our  b e s t  
a v a i l a b l e  means f o r  recover ing  hidden mig ra t ion  p a t t e r n s .  The 
e s t ima ted  f low ma t r ix  has  t h e  h ighes t  p r o b a b i l i t y  t o  be t h e  
t r u e  one. 
2 . 4  A m l i c a t i o n  o f  t h e  Es t imat ion  Procedure 
The purpose of  p re sen t ing  t h e  entropy method was t o  come 
up wi th  a  t echnique  t o  recover  d e t a i l e d  migra t ion  p a t t e r n s  from 
aggrega te  d a t a .  The d e t a i l e d  in format ion  w e  a r e  i n t e r e s t e d  i n  
i s  t h e  mig ra t ion  behavior  of a l i e n s  l i v i n g  i n  Belgium, and t h e  
age d i s t r i b u t i o n  o f  t h e  migran ts .  The e s t i m a t i o n  of t h i s  
unknown informat ion  i s  t h e  s u b j e c t  of t h i s  s e c t i o n .  
A. Estimation of migration pattern by nationality. 
Each year, the National Institute for Statistics (N.I.S.) 
publishes the origin-destination table of migrations by sex 
between and within the 43 arrondissementslf2. No information 
is available on the breakdown by nationality or by age. The 
published data on the internal migration by nationality are 
limited to the annual number of arrivals and departures by sex 
and arrondissement for the aliens as a whole3' 4. The arrivals 
and departures of the Belgians may then be found by subtracting 
the aliens from the total population. For the system of five 
regions, the totals of arrivals and departures by nationality 
are given in Table 3. The number of departures of the aliens 
have been adjusted such that their total is equal to the total 
number of arrivals. The data for Belgians 
'see for example, N.I.S., (1975) pp. 148-153. 
 h he intra-arrondissement migrations are between municipal- 
ities. 
3 ~ e e  for example, N.I.S., (1975) pp. 132-133. 
'~ach year there is a fictitious positive net migration 
for the country as a whole.   he reason is that some people 
leave their municipality without informing the local authorities, 
but register in the municipality of destination. They are added 
to the total number of arrivals, but not to the number of depar- 
tures. For our analysis, we have adjusted the number of departures 
such that the total net internal migration is zero. 
a r e  r e s i d u a l s  between t o t a l  p o p u l a t i o n  (Tab le  l b )  and a l i e n s .  
Tab le  3 
Regional  D i s t r i b u t i o n  of  D e p a r t u r e s  and A r r i v a l s  
by N a t i o n a l i t y .  Belgium, 1970. 
B r u s s e l s  
F1. Braban t  
Depar tu res  A r r i v a l s  
W .  Brabant  1 1,475 1,482 12,598 1,623 15,981 
Region 
R. F l a n d e r s  1 11,133 11,184 187,441 11,139 186,314 
A l i e n s  B e l g i a n s  A l i e n s  B e l g i a n s  
P u b l i s h e d  Adjusted. 
R. Wallonia  ( 27,242 27,366 156,313 26,637 154,337 
Total .  ( 62,706 62,993 469,502 62,993 469,502 
The m i g r a t i o n  f l o w s  of  t h e  t o t a l  p o p u l a t i o n  have  been g i v e n  
i n  T a b l e  la. 
Given t h e  i n f o r m a t i o n  i n  T a b l e s  1 and 3, w e  may a p p l y  t h e  
e n t r o p y  method t o  r e c o v e r  t h e  o r i g i n - d e s t i n a t i o n  t a b l e  f o r  a l i e n s  
and B e l g i a n s .  The r e s u l t  i s  g i v e n  i n  Tab le  4. 
Table 4 
Internal Migration in Belgium by Nationality, 1 9 7 0  
a. Aliens 
b. Belgians 
£ran 
to 
Brussels 
F1. Brabant 
W. Brakant 
R. Flanders 
R. Wallonia 
Total 
Brussels F1. Brab. W. Brab. R. Flanders R. Wallonia 
16,300 91 9 51 3 695 2,111 
1,437 1,015 63 387 154 
660 7 3 520 25 344 
624 33 1 2 6 9,725 433 
1,474 128 359 352 24,324 
£ran 
to 
Brussels 
F1. Brabant 
W. mabant 
R. Flarders 
R.Wallonia 
Total 
Total 
20,538 
3,056 
1,623 
11,139 
26,639 
Brussels F1. Brab. W. Brab. R. Flanders R. Wallonia 
51,300 7,457 2,578 5,014 8,119 
12,316 22,444 8 64 7,599 1,611 
4,891 1,396 6,153 42 3 3,119 
4,783 6,539 31 6 170,621 4,055 
6 ,909.  1,547 2,688 3,784 139,409 
80,199 39,383 12,598 187,441 156,313 
20,495 2,466 1,482 11,184 27,366 
Total 
74,468 
44,834 
15,981 
186,314 
154,337 
475,934 
62,993 
B. Estimation of migration pattern by age. 
The second application of the entropy maximization is the 
disaggregation of the total migration flow of Table 1 into age- 
specific flows. To perform this task, we need to know the age 
structure of outmigrants and inmigrants in each region, in 
addition to Table 1. The N.I.S. does not publish the age 
structure of the migrants. The required input information, 
however, is provided by Delanghe (1974). He publishes, in 
percentages, the age structure of the emigrants and the inmigrants, 
by sex, for the nine Belgian provinces and for Brussels, Flemish 
Brabant and Walloons Brabant. The statistics are based on a 
sample of 100 municipalities. In each municipality of the sample, 
the characteristics of the people who located in the municipality 
in 1968 were collected from the Family Registration Forms 
(Delanghe, 1974, p. 6). The total number of inmigrants in the 
sample was 51,784, or 9.76% of the total number of internal 
migrants in 1968. Table 5 gives the age structures of the out- 
migrants and the inmigrants for the five regions under considera- 
tion. The percentage distributions are weighted averages of the 
male and female age structures published by Delanghe (1974, 
pp. 25-26 BIS). The number of migrants in each age group has 
been found by applying the percentage distribution to the total 
number of outmigrants and inmigrants of each region in 1970. 
These totals are the row and column totals in Table 1 minus the 
diagonal elements. 
Table 5 
Age Structure of Total Population, Outmigrants 
and Inmigrants, 1970 
b r u s s e l s  
-------- 
a g e  p o p u l a t i o n  d e p a r t u r e s  a r r i v a l s  
a b s o l u t e  p e r c e n t  a b s o l u t e  p e r c e n t  a b s o l u t e  p e r c e n t  
t o t a l  1075136. 100.000 
a g e  p o p u l a t i o n  
a b s o l u t e  p e r c e n t  
t o t a l  866241.  100.000 
d e p a r t u r e s  a r r i v a l s  
a b s o l u t e  p e r c e n t  a b s o l u t e  p e r c e n t  
T a b l e  5: Continued 
w .  b r a b  
-------- 
a g e  p o p u l a t i o n  d e p a r t u r e s  
a b s o l u t e  p e r c e n t  a b s o l u t e  p e r c e n t  
t o t a l  234996. 100.000 7407. 10G.000 
a g e  p o p u l a t i o n  d e p a r t u r e s  
a b s o l u t e  p e r c e n t  a b s o l u t e  p e r c e n t  
t o t a l  4553342. 10C.OCO 18279. 100.000 
a r r i v a l s  
a b s o l u t e  p e r c e n t  
a r r i v a l s  
a b s o l u t e  p e r c e n t  
Table 5: Continued 
a g e  p o p u l a t i o n  
a b s o l u t e  p e r c e n t  
t o t a l  2924229. 100.000 
d e p a r t u r e s  a r r i v a l s  
a b s o l u t e  p e r c e n t  a b s o l u t e  p e r c e n t  . 
Given Table  5 t o g e t h e r  w i th  Table 1 we r a y  apply t h e  en t ropy  
method t o  decompose t h e  t o t a l  migra t ion  flow i n t o  age - spec i f i c  
flows. Note t h a t  we have ignored i n t r a - r e g i o n a l  movements, 
i .e . ,  t h e  d i agona l  elements of  Table 1 . a r e  s e t  equa l  t o  ze ro .  
Therefore ,  t h e  d iagona l  elements o f  t h e  [ T ~ ~ ]  mat r ix  a r e  ze ro  
i n  each i t e r a t i o n .  The s o l u t i o n  o f  t h e  en t ropy  maximization is  
given i n  Table 6 .  Rounding e r r o r s  cause  t h e  number o f  a r r i v a l s  
and t h e  t o t a l  number o f  migrants  (column t o t a l s )  t o  d e v i a t e  
s l i g h t l y  from t h e  d a t a  i n  Tables  1 and 5. The d e p a r t u r e s  a r e  
recovered e x a c t l y .  
3 .  Conclusion 
The o b j e c t i v e  of t h i s  paper  was t o  demonstra te  t h e . u s e  of  
en t ropy  maximization i n  t h e  e s t i m a t i o n  of  d e t a i l e d  mig ra t ion  
p a t t e r n s .  The en t ropy  method has  r ece ived  cons ide rab le  a t t e n t i o n  
i n  t h e  r e g i o n a l  s c i ence  l i t e r a t u r e .  This  paper  reviews t h e  
impor tan t  f e a t u r e s  of the .  method and a p p l i e s  it t o  a  p r a c t i c a l  
problem. 
The b a s i c  i d e a  o f  t h e  en t ropy  method i s  t h a t  t h e  b e s t  es -  
t i m a t e  i s  given  by t h e  most migra t ion  p a t t e r n .  Th i s  i s  
t h e  p a t t e r n  w i th  maximum entropy.  
The method i s  p a r t i c u l a r l y  u s e f u l  t o  d e r i v e  o r i g i n - d e s t i n a t i o n  
mig ra t ion  f lows f o r  s e v e r a l  popula t ion  c a t e g o r i e s  from d a t a  con- 
s i s t i n g  of  
i. t h e  f low r . a t r i x  of t h e  t o t a l  popula t ion  ( a l l  c a t e g o r i e s )  
and 
ii. t h e  number of  a r r i v a l s  and d e p a r t u r e s  by r eg ion  and 
ca t ego ry  ( i . e . ,  age,  n a t i o n a l i t y ) .  The entropy method is  a p p l i e d  
t o  e s t i m a t e  t h e  o r i g i n - d e s t i n a t i o n  migra t ion  flows by age and 
by nationality for a five-region system of Belgium. 
The entropy method belongs to a broader class of sum- 
constrained optimization problems. A comparison with other 
methods, in particular the RAS method, is given in a forthcoming 
paper. (Raquillet and Willekens, 1977). 
T a b l e  6 :  I n t e r n a l  M i g r a t i o n  by  Age,  B e l g i u m ,  1 9 7 0  
a g e  b r u s s e l s  m i g r a t i o n  f r o m  b r u s s e l s  t o  
g r o u p  d e p a r t u r e s  a r r i v a l s  b r u s s e l s  f l  . b r a b  w . b r a b  r .  f l a n d  r . w a l l .  
t o t a l  33994 27362 .  0. 13763.  5529.  5413.  t 3 8 9 .  
a g e  f l  . b r a b  m i g r a t i o n  f r o m  f l . b r a b  t o  
g r o u p  d e p a r t u r e s  a r r i v a l s  b r u s s e l s  f l  . b r a b  w . b r a b  r . f l a n d  r . w a l l .  
t o t a l  18390.  24457.  8 3 6 2 .  C .  1465.  6885.  1678.  
T a b l e  6 :  Continued 
a g e  w .  bl-ab migration i'roro w.braS t o  
g roup  d e p a r t u r e s  a r r i v a l s  b r u s s e l s  f l . b r a b  w.brab r . f l a n d  r . w a l l .  
t o t a l  7 4 0 7 .  10895.  ' 3085.  9 2 8 .  0. 343.  3051.  
a g e  r . f l a n d  m i g r a t i o n  from r . f l a n d  t o  
g roup  d e p a r t u r e s  a r r i v a l s  b r u s s e l s  f l  . b r a b  w.brab r . f l a n d  r . w a l 1 .  
1 t o t a l  18279 .  17142.  5695. 7996 .  4/16. 0.  Ll 1 4 1 . 
T a b l e  6: Continued 
a g e  r . w a l l .  m i g r a t i o n  f r o m  r . w a l 1 .  t o  
g r o u p  d e p a r t u r e s  a r r i v a l s  b r u s s e l s  f l  . b r a b  w . b r a b  r .  f l a n d  r .wall. 
t o t a l  13946. 17260. 1022C). 1770. 3455. 4531. @. 
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